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Abstract 

A thorough analysis of the general features of {p = 2) parasuper- 
symmetric quantum mechanics is presented. It is shown that for both 
Rubakov-Spiridonov and Beckers-Debergh formulations of {p = 2)- 
parasupersymmetric quantum mechanics, the degeneracy structure of 
the energy spectrum can be derived using the defining parasuperal- 
gebras. Thus the results of the present article is independent of the 
details of the Hamiltonian. In fact, they are valid for arbitrary systems 
based on arbitrary dimensional coordinate manifolds. In particular, 
the Rubakov-Spiridonov (R-S) and Beckers-Debergh (B-D) systems 
possess identical degeneracy structures. For a subclass of R-S (alter- 
natively B-D) systems, a new topological invariant is introduced. This 
is a counterpart of the Witten index of the supersymmetric quantum 
mechanics. 
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1 Introduction 



There are two alternative definitions of {p = 2)-parasupersymmetric 
quantum mechanics (PSQM). These are the original Rubakov-Spiridonov 
[P, and the Beckers-Deb ergh formulations of {p = 2)-PSQM. The 
Rubakov-Spiridonov (R-S) (p = 2)-PSQM is defined by the parasu- 
peralgebra: 

= (1) 
[H,Q] = (2) 
Q'^Q^ + QQ^Q + Q^Q^ = AQH , (3) 

where Q is a parasupercharge and H is the Hamiltonian. The R-S 
{p = 2)-PSQM has been studied Q and its variations and gener- 
alizations to arbitrary orders {p > 2) have been given by Khare @. 
The degeneracy structure of this type of PSQM has been worked out 
for specific examples and some classes of systems in ordinary one- 
dimensional quantum mechanics, [Q, ^. 

Similarly, the Beckers-Debergh (B-D) {p = 2)-PSQM is defined 
by the parasuperalgebra: 

= (4) 
[H,Q] = (5) 
Q, [Q^Q]] = 2QH . (6) 

Particular examples of this type of PSQM has been studied ^ in the 
context of one-dimensional quantum mechanics. The corresponding 
coherent states have also been constructed Q. 

In this article the parasuperalgebras (|ll)-(|3[) and are used 

to study the degeneracy structure of the most general R-S and B-D 
systems. Our strategy is analogous to the one used for the treatment 
of supersymmetric quantum mechanics (SQM), 

One of the most intriguing aspects of SQM is its relation to the 
Atiyah-Singer index theorem Q (For an up-dated account of this sub- 
ject see and the references therein.) As SQM can be viewed as the 
{p = 1)-PSQM, one might be tempted to seek similar features of 
(p = 2) or even (p > 2)-PSQM. The first step in this direction is to 
explore the degeneracy structure of such systems. This is the main 
motivation behind our general treatment of {p = 2)-PSQM . 
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Before pursuing the study of {p = 2)-PSQM , we present a brief 
review of the relevant aspects of SQM in Sec. 2. The R-S and B-D 
{p = 2)-PSQM are analyzed in Sees. 3 and 4, respectively. In Sec. 5, 
a subclass of R-S (alternatively B-D) (p = 2)-PSQM is considered. 
For this class a topological invariant is introduced which resembles the 
Witten index of SQM. Sec. 6 includes the concluding remarks. 

2 Super symmetric Quantum Mechan- 
ics 

The {N = 1)-SQM is defined according to the superalgebra: 

{Q,Q} = [H,Q] = (7) 
{Q,Qt} = 2kH, (8) 

where Q and H stand for the supercharge and the Hamiltonian and 
K is a positive real number. It is usually chosen to be 1. However, 
this convention does not agree with the conventions used in different 
approaches to {p = 2)-PSQM . 

Furthermore, there exist a self-adjoint involution T on the Hilbert 
space Ti which satisfies: 

= 1, (9) 
{r,Q} = [T,H] = 0. (10) 

The involution T introduces a double grading of the Hilbert space, 
i.e., it leads to a decomposition of the Hilbert space TC into its ±1- 
eigenspaces: 

n = n-®n+, with T\ij±) = ±\ij±) , viV'i) g n± . 

The involution T is also called the chirality operator and denoted by 
(— 1)-^. The ibl-eigenstates of T are said to be even (for +) and odd 
(for -) elements of the Hilbert space. They are also said to have ± 
chirality. For more details of the importance of the chirality operator 
see Q. 

An important property of SQM is that its degeneracy structure can 
be easily obtained using the superalgebra (@)-(|8|) and the properties of 
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chirality operator (^) and (p!o|). This is best carried out by introducing 
the self-adjoint supercharges: 

Qi--=^{Q + Q}), Q2:=^{Q-Q}), (11) 

and expressing Eqs. (0), (P), and (^) in terms of them. The result is 

{Qi,Q2} = [H,Qi] = [H,Q2] = (12) 
H = K~^Q\ = K-^Ql (13) 
{r,Qi} = {r,Q2} = [t,H] = 0. (14) 

To start the analysis of the spectrum of SQM, one uses the eigen- 
values of H an (say) Qi to label the basic states \E,qi), where 

H\E,qi) = E\E,qi) (15) 
Ql\E,qi) = qi\E,qi). (16) 

Combining Eqs. (p^),(p!^), and ([T3|), one immediately finds: 

E\E,qi) = H\E,qi) = K~^Qj\E,qi) = K-^qj\E,qi) , 

which for \E,qi) / implies qi = ±V kE. Thus 

a) £^ > ; 

b) E = is non-degenerate; 

c) E > are doubly degenerate. 

Note that in practice there may exist other conserved quantities (ob- 
servables) that would introduce further quantum numbers and thus 
correspond to additional degeneracies associated with each \E,qi). 
We shall call these sub degeneracies. The existence of this conserved 
quantities overshadows the effectiveness of statement (b) above, but 
statement (c) is still worth investigating. 

In addition, Eqs. and (|l|) can be easily employed to show 

Q2\E, ±V^) = ^fl^e^^'f' \E, =f\/kS) . 

In fact, the phase factors e^**^ can be absorbed in the definition of 
\E^ ±1/ kE)^ so that 

Q2\E, ±V^) = V^\E, =f\/k1^) . (17) 
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Since Q2 anticommutes with T (it is an odd operator), ibV kE) are 
called superpartners. To motivate the use of the word superpartner, 
one can construct a basis of the -B > subspaces consisting of a 
bosonic (even) and a fermionic (odd) state vector. In the basis 



\E, \f^) 





one has: 



Q 




Q 




(18) 

Here H e denotes the degeneracy subspace associated with the energy 
level E (Note that E > Using Eqs. (|) and (|l|) and the the fact 
that the chirality operator is self-adjoint, one can show that there are 
only two possibilities for T . These are 




r]Cr2 



(19) 



where in Eqs. (18) and (19), (Ja with a = 1,2,3 are Pauli matrices, 
and r] = ±1. The arbitrariness of the sign proves to be unimportant. 
An exchange of sign corresponds to an exchange of the eigenvalues 
(±1) of T. In any case, det(T|^^) = —1. 

Having found the matrix representation of T, one can diagonalize 
it and find a basis of the i?-eigenspace consisting of the state vectors 
of definite chirality. These are 



\E,-) 



1 
1 

V2 



{\E,VkE) +i\E,-V^)) 
{\E,\^) -i\E,-\^)) 



(20) 
(21) 



with T\E,ziz) = ib|ii^,ib). Choosing the opposite sign for r] (respec- 
tively for t) leads to changing \E,±) — > \E,=f) in (pc|) and (^l|). 

Therefore, in general each (E > 0)-level consists of two linearly 
independent vectors of opposite chirality. These are the true super- 
partners. Even if there are further sub degeneracies, (in view of the 
statement (c) above) the positive energy levels must include pairs 
of superpartners. Thus there must be equal number of bosonic and 
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fermionic states with positive energy. This is the very reason why the 
Witten index (=trace(T)) is invariant under smooth deformations of 
the Hamiltonian Q and how SQM is related to the topological invari- 
ants such as indices of elliptic operators @. A simple manifestation 
of the properties of the Witten index is demonstrated by (19) which 
clearly indicates trace(T|^^^^)=0. 

The main purpose of the present article is to follow a similar ap- 
proach in the study of {p = 2)-PSQM . 



3 Rubakov-Spiridonov {p = 2)-PSQM 



Let us first express the R-S parasuperalgebra (IT])-® in terms of the 
self-adjoint parasupercharges (pT]): 



Ql-{QuQl}-Q2QiQ2 
Ql-{Q2,Ql}-QiQ2Qi 

[H,Qi] = [H,Q2]=0 
Ql = 2QiH 



2Q2H 



(22) 
(23) 
(24) 
(25) 
(26) 



where (22) an d ([2^ ) are equivalent to (|T|), (p^ is equivalent to (^), 
and (25) and (|26D are equivalent to (^). Clearly, Eq. ( [T3|) with k = 2 
is a special case of Eqs. (p2|)-(p^). Thus, SQM is included in R-S 
(p = 2)-PSQM . 

Combining Eqs. ( p2|) and (25) and similarly Eqs. (|2^ and (2£), 



one obtains the following useful relations: 

2QiH-{Qi,Ql}-Q2QiQ2 
2Q2H-{Q2,Qi}-QiQ2Qi 





. 



(27) 
(28) 



Again one can appeal to Eq. (|24|) to choose \E,qi) of Eqs. ([LSD and 
(16) as basic state vectors. In view of Eqs. (|25|), (15) and (p^), one 
has: 

(g? - 2QiH)\E, qi) = qiiql - 2H)\E, qi) . 



Thus, 



either qi = , or qi = ±v2E . 



(29) 
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In particular HE < 0, one necessarily has qi = 0. Thus the non- 
positive energy levels - if they exist - are non-degenerate.El 

To study the positive energy levels, first we write Eqs. ( [27| ) and 
( p8|) in terms of their matrix elements: 



{E,q[\ [2qiE - {qi + q[)Ql - Q2Q1Q2] \E,qi) 
'2E - {qi +q[f + qiq[] {E, q[\Q2\E, qi) 








(30) 
(31) 



Next we analyze the following possibilities: 
Case (1): > and \E,qi = 0) / 0; 
Case (2): S > and \E,qi = 0) = 0. 
Consider Case (1). Then one can set qi = q'l = in Eq. 



obtain: 



{E,0\Q2\E,0) = , 



IT) and 



(32) 



Therefore, either E is non-degenerate and Q2\E, 0) = 0, or it is degen- 
erate and there is some qi ^ such that \E,qi) / 0. We shall refer 
to these two cases as Case (la) and Case (lb), respectively. Next we 
consider Case (lb). 

In this case, Eq. (|3l|) together with (p9|) lead to: 



(33) 



{E,qi\Q2\E,qi) = . 



Note that, a priori, qi may take one or both possible values ±\/2E. 
In other words, there are again two possibilities: 

I) \E,±V2E) / 

II) 1^, qi) / and \E, -qi) = 0, for qi = V2E, or qi = -V2E. 
In general, according to Eq. (^2|): 

(34) 



Q2\E,0) = a+\E,V2E) + a^\E,-V2E) . 



where a± are complex coefficients. Moreover, setting gi = = in 
Eq. (^), one finds: 



(^,0|Q2QiQ2|^,0) = . 



(35) 



^That is aside from the subdegeneracies. 
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This relation and Eq. (p4[) can be used to show 



a+a+ = a*_a- , if \E,±V2E) ^0; 
a± = , if \E,V2E)=0 or \E, 



'2E) = . 



(36) 
(37) 



Let us show that in fact Case (II) above does not occur, i.e., the 
vanishing of either of \E ^^\plE) implies the vanishing of the other. 
By contradiction assume \E,\plE) / and \E,—\plE) = 0. Then 
according to (37), a± = and Q2\E,0) = 0. This together with 
Eq. (|3^ ) imply, Q2\E, V^E) cx \E,0). In fact, since Q2|-£', 0) vanishes, 
Q'^\E,V2E) = 0. Hence Q2\E,V2E) = as well. Using the last 

one is led to the result E = 0. A 
and 1^, -V2E) / give 



equation and Eqs. (|22|) and (\29[) 
similar argument shows that \E, V^E) 
rise to the same conclusion. This contradicts the hypothesis {E > 0). 
Thus this case is forbidden and the energy levels of type (lb) are triply 
degenerate. 

To obtain the matrix representation of Q2 in Case (lb), one rewrites 
Eq (5^) in the form: 



Q2\E, V2E) = c+\E, 0) + f\E, -V2E) 
Q2\E,-V2E) = c-\E,0) + f*\E,V2E) 



(38) 



The coefficients c± and a± can be related by computing \Q2\E,qi)\'^ 
and {E,qi\ {Q2\E,qi)) and equating the results. This leads to 



c+(c+ - a+) 
c_(cl — a_) 



(39) 
(40) 

(41) 



Furthermore, setting qi 
finds: 



±V2E in dg) and using (H), one 



|/|2 = 2(S-|c±| 



(42) 



Hence, |c+| = |c_|. A final relation among a±, c± and / is obtained 
by acting both sides of (S^) on \E,0) and repeatedly using (p3) and 



(H). This yields: 

c+c*_r + c;c_/ = 0. (43) 
In view of Eqs. (p9|), (|^), and (p|), there are two possible cases: 
Case (l.b.i): a± = c| / 0, in which case Q2\E,0) / 0; 
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Case (l.b.ii): ait = c± = 0, in which case Q2\E,0) = 0. 
For convenience we introduce the real parameter C G [0, 1]: 



E 



E 



(44) 



Then one has: 



a± = C^e-'^^ , c± = C^/Ee'^^ , f = J2E{1 - ^e'^ 



In view of these relations and Eq. (|4^), (34) and (^) take the form: 

Q2\E,0) = CVE(^e-'^+\E,V2E) + e-'^-\E,-V2E)^ (45) 
Q2\E,±V2E) 

i(¥>-7++7_) 



Ce'^^\E,0) + J2(l - Oe^'^^lE, tV2E) 



(46) 

ze, with e = ± . (47) 
±\/2E), one can eliminate all the 



Redefining \E,±V2E) e 
phase factors. This yields 

Q2\E,0) = cVe(\E,V2E) + \E, 



'2E\ 



(48) 



Q2\E,±^/2E) = ^/eU\E,^) ±ie^2{l-C)\E,^V2E)\ .(49) 



Remarkably, the defining relations (|D-(|2|) of R-S {p = 2)-PSQM 
do not impose any restriction on Q and e. Hence, unless further details 
of the system is known, they cannot be determined. 

At this stage, we can try to find a representation of the parasuper- 
charges. Using the basis 



\E,V2E) 




\E,0) 




\E, 



'2E) 
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one can easily express Qi and Q2 as 3 x 3 matrices: 



Q 



'2E 




^ 



(1) 



Q 



'2E 



75 



EQJ^^^^ +ie^2E{l-C 



X 


/ 

[l 



(50) 








(1) 



where Ji'^'^' , with i = 1,2,3, are the three dimensional (j = 1) rep- 
resentation of the generators of SU{2). One may also check that for all 
values of C and e, Spectrum(Q2|-?^^) = {0, ±\/2E} = Spectrum((5i|^^) 
Next step is to adopt a self-adjoint involution operator T which 
satisfies @ and (|l4|) and use these equations to find its representation 
in the -E-eigenspace. Using the self-adjointness of T and imposing 



Eqs. @ and (14), one finds 



r 



He 




(51) 



where, for = (Case (l.b.ii) ), r] and fj are arbitrary signs, i.e., 
r],f] = ±1, and for ^ / (Case (Ib.i) ), fj = — r/ = ±1. The sign 



ambiguities in (51) is in a sense analogous to the case of SQM. However 
as we show below, there are some important differences. 
Let us construct the states of definite chirality. These are 



/ 1 





I ° ^ 
1 



(52) 



They satisfy: 



T\E,±) 



±\E.±) 



T\E,r]°) = r]\E,r]° 



(53) 
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In other words depending on the value of 77 = ±1, \E,r]° = ib°) is 
parabosonic or parafermionic. Note also that rj = — 'iet(T|^^). Thus 
choosing det{T\^^) = —1, as is the case in SQM, is equivalent to 
setting r] = 1. 

Next we display the action of Q2 on the states of definite chirality: 



Q2\E,±) = V2E 
Q2\E,v°) = CVE\E,-r,). 



TievJl^' \E, + 1^, ri°) 



(54) 
(55) 



There are two specially interesting cases. These are characterized by 
C = (Case (l.b.ii) ), for which 



Q2\E,±) = ^iefiV2E\E,T) , Q2\E,rj°)=0 



(56) 



and C = 1 foi' which 



Q2\E,±) 



^C-¥)\E,v° 



( 



'2E 



V2 



Q2\E,r]°) = VE\E,-r,) 
\ 



V2 



V2 



V 



71 



^2E.L 



(1) 



(57) 



For these two special cases Q2 eliminates one of the states defined in 
(|52D. Moreover, as we shall see in Sec. 4, these two cases also appear 
in the B-D (p = 2)-PSQM . The coincidence of Qi and Q2 with the 
generators of SU{2) is analogous with SQM. 

One must emphasize that unlike SQM, in (p = 2)-PSQM different 
choices of T (different choices for r] and ry) can lead to different systems. 
This is because here the energy levels do not consist of pairs of super- 
partners. In fact, in general the defining signs rj and fj which appear 
in the expression ( |5l| ) of depend on E. They may take different 

values for different energy levels. Thus as far as quantities such as the 
difference of the numbers of parabosonic and parafermionic states are 
concerned, the values of 77 = i]{E) and fj = fj^E) are important. For 
^ 7^ 0, requiring det{T\j^^) = —1 for all E, fixes r]{E) = —fjiyE) = 1. 
In this case, the energy levels of type (lb) consist of two parabosonic 
states and one parafermionic state. 

This completes our analysis of Case (1). A summary of the results 
is in order: 
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Lemma 1 For E > and \E,0) ^ 0, either E is non- degenerate with 
Q2\E,0) =0 or it is triply degenerate with the basis {\E,0), \E, ±V2E)}. 
In the latter case two of the three linearly independent state vectors 
are parasuperpartners. 

Finally we analyze the case E > and \E,0) = 0, i.e., Case (2). 
Again following a similar argument as given in the previous case, one 
can show that \E,^/2E) ^ implies \E^ —\/lE) ^ and vice versa. 
Hence we can safely assume that in this case E is doubly degenerate 
with the eigenbasis {\E,±^/2E)}. 

Using Eq. (|3^), one can still show the validity of (^3|). However 
now Eq. p^ ) can be written in the form: 

(58) 



Q2\E, ±V2E) = h±\E, ^V2E) , 
where ft-t G C. Furthermore, in view of ( ^8|) and (^6|), one has 

^) = -b±{2E -b+b-)\E,^V2E) . 



= {Ql-2HQ2)\E,±^ 

This means that either 6ib = or = 2E. In fact, using Eq. (|30| ) 
one can easily show that the choice 6ib = leads to -E = and is 
consequently inadmissible. Therefore, 



and 



2E . (59) 
1) can be employed to compute: 



On the other hand, Eqs. (| 
\b±\^ = {E,±V2E\Ql\E,± 



so that b± = \'2E ex.p{±iX). Here Eq. ( P7[) is also used and A G IR. 
Again it is possible to absorb the phase factors in \E, ±y/2E), in which 



^) = {E,±V2E\ (^Ql\E,±V2E)^ = 2E, 



case Eq. (|58[) reads: 

Q2\E,±V2E) 



^\E,^V2E) . 



(60) 



The matrix representation of Qi, Q2 and T is identical with the case 
of SQM described in Sec. 2 (with k = 2). Thus the energy levels of 
this type involve (up to sub degeneracies) a pair of parasuperpartners. 

The following lemma summarizes the results of our analysis of 
Case (2). 

Lemma 2 For E > and \E,qi = 0) = 0, E is doubly degenerate 
with the basis {\E, ±\/2E)}. It consists of a pair of parasuperpartners. 
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This concludes our treatment of the R-S {p = 2)-PSQM . Note 
that even in the presence of other quantum numbers (subdegenera- 
cies), the energy levels of type (lb) involve equal number of state 
vectors associated with the three basic (subdegenerate) states. Simi- 
larly, the energy levels of type (2) consist of an equal number of state 
vectors of opposite chirality. The latter is reminiscent of the inclusion 
of SQM in = 2)-PSQM §. 



4 Beckers-Debergh {p = 2)-PSQM 



In terms of the self-adjoint parasupercharges (pTD, the B-D parasuper- 
algebra d)-® is expressed by Eqs. (H), (H), (||) and 



3{Qi,Q2}_2Q3 
3{Q2,Q?}-2Qi 



2QiH 
2Q2H . 



Combining these relations with (22) and (^), one also has: 

Ql - 3Q2Q1Q2 



Q2 ~ 



Q1Q2 + Q2Q1 



2Q2Q1Q2 



Q2Ql + QiQ2 - 2Q1Q2Q1 



2QiH 
2Q2H 
2QiH 
2Q2H 



(61) 
(62) 



(63) 
(64) 
(65) 
(66) 



Again one can check that (|13| ) with k = 1/2 is a special case of 
(|l]) and (H). Hence SQM is included in B-D {p = 2)-PSQM as well. 

In view of Eqs. (p^), (|l5|), ([I^),and (p^), the following is a straight- 
forward observation: 



Q2QiQ2\E,qi) 



qi{ql-2E) 



E,qi) 



(67) 



Next let us consider expressing Eq. (^) in terms of its matrix ele- 
ments. A simple calculation yields: 



[{qi-q[f-2E]{E,q[\Q2\E,qi)=0. 
Similarly, using (B2t) and (|67|), one has 



(68) 



iqi+q[){E,q[\Ql\E,qi) = 2qi{ql + E)/3 



(69) 
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Setting qi = q'^ in the last equation, one finds: 

qi{E,qi\Ql\E,qi) = qi\Q2\E,qi)\'' = qi{ql+E)/3 . (70) 

Next, let us consider the negative energy levels. For E < 0, 
Eq. ( |6^ ) requires Q2\E,qi) = 0. This relation together with ( [2^ ) 
imply qi = 0. Thus, the negative energy levels are non-degenerate. 

For the E = energy level, Eq. (^) implies 

either {0,qi\Q2\0,qi) = , or qi = q[ . (71) 
In any case, Q2 must be diagonal in the E = eigenspace: 

Q2\0,qi) = K{qi)\0,qi) . (72) 
Making use of this equation to simplify (|69|) , one is led to: 

^\qi^0)=ql/3. (73) 



Similarly, using (72) and (p^), one obtains: 

<qiMqif-3ql]=0 (74) 



Eqs. (^) and (^ imply qi = 0, and K{qi = 0) = 0. Hence, ^ = 
also is non-degenerate. 

The analysis of the positive energy levels is rather involved. We 
shall first state some general algebraic results and then explore the 
following cases: 

Casea):|^.0,,Oa„d {(-> *j|»>f2 

Case (2): |^,0) = 

Let us suppose that for some qi / 0, \E,qi) / 0. then according 
to Eq. (H): 

Ql\E,qi^O)=Cg,\E,-q,) + ^^\E,q^) , (75) 

where Cq^ := {E, —qi\Q2\E, qi) is a complex number. Note that \E, —qi) 
may not exist, in which case one sets \E, —qi) = and Cq^ = 0. It is 
possible that \E,—qi) ^ but still Cq^ = 0. We shall next consider 
the case where Cq^ =0. 
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Let qi ^ and Cq^ = 0, then Eqs. ( |75[ ) and ( p^ ) lead to 

9i - 5^ , 



Qi[Q2|^,gi) 



9qi 



-[Q2\E,qi)] . 



(76) 



Therefore by definition (16), 



Q2\E,qi) = (,{qi)\E,qi) , with qi :-- 



ql-5E 
9qi 



, ^Qi) e C . (77) 



Next substitute (|7|) in (|7|). In view of =0, this yields: 



qf + E 



q !-5E 
9qi ' 



E,q,) = Ql\E,qi) = aqinqi)\E, 



and consequently: 

ql-5E 
9qi 



qi , so that qi = ±JE/2 . 



(78) 



Moreover, in view of (^), (^ and (^), C(gi) = VE/^e'^. Again 
redefining the phases of \E, E/2), one is able to set 7 = 0. The 
result is 



Q2\E±^E/2) 
Ql\E,±.fE/2) 



E/2 \E,tJE/2) 



{E/2)\E,±^E/2) . 
Note that the last two relations also imply 



(79) 
(80) 



\E,^^E/2) = if and only if \E,-^^ E/2) = . (81) 

Next consider the case qi ^ and c^^ ^ 0. This means that 
necessarily \E,±qi) ^ 0. Let both sides of (|6^ act on \E,qi) from 
the left and use ( [75|) to compute Q2\E,qi). This leads to 



QiQ2\E,qi^0) 



1 

3qi 



,ql + E 



2E)Q2\E,qi) + CqME,-qi 



Now multiplying both sides of this expression by Q2 from the left and 
using Eqs. (^) and ([75|) to simplify the result, one arrive at: 



i - UqlE + _ 9cg,c_,J/3 \E, q)+2cg, {2E-ql) \E, -q^) = . 



(82) 
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Therefore, 



qi = ±V2E (83) 



= E\ (84) 



where we also have used the obvious identity c_gj = c*^ . At this stage 
we begin considering all possible cases. 

First suppose that E > and \E,0) / 0, (Case (1)). Then acting 
both sides of (|l|) on \E,0) from the left, one finds QiQl\E,0) = 0. 
Thus, by definition (^), Ql\E,0) = a\E,0). Let us further assume 
that Q2\E,0) ^ 0, i.e., consider Case (l.a). Then the coefficient a can 
be determined by Eq. (|6^). The result is q = 2E, so that 

Ql\E,0) = 2E\E,0) . (85) 

Moreover, making use of (|6^), one also finds: 

Q?[Q2|^,0)] = 2^[Q2|^,0)] . (86) 

Hence clearly 

{E,0\Q2\E,0) = . (87) 

Since by the hypothesis Q2\E,0) / 0, there must be some qi ^ 0, 
such that {E,qi\Q2\E,0) / 0. Multiplying {E,qi\ by both sides of 
(|86[), one immediately finds 



qi = ±V2E . 

Hence in view of Eq. ( [87| ) , 

Q2\E,0) = a+\E,V2E) +a^\E,-V2E) . 

Using the last equation and Eq. (|67[), i.e., Q2QiQ2\E,0) = 0, one 
can further show 

a+Q2\E,V2E) = d^Q2\E,-V2E) . (90) 

This in turn implies that the vanishing of either of \E,±y/2E) im- 
plies the vanishing of Q2\E,0) and consequently of Q2|-E';0). This is 
inconsistent with the hypothesis of this case. Thus \E,±V2E) ^ 0. 
A remarkable consistency check on our analysis is to observe the 



coincidence of Eqs. (88) and (|83|). In particular, Cj^^p^M ^ 
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To obtain the action of Q2 on eigenstates of E, we proceed as 
follows. Since, Ql\E, 0) / 0, Eqs. (|9|) and ® imply Q2I-E, ±^/2E) + 
0. in fact, substituting ( p9D in ( |87[ ) and using (p^), one has: 

Q2|^,±\/2^> = \/^e^^±|^,0) (91) 
Q2|^,0) = y^(e-^^+|^,\/iE) +e-^^- 1^,-^2^)) ,(92) 

where e*^^ := y/E/a± are unimportant phase factors. A remarkable 
observation is that Eqs. ( pl| ) and ( |9^ ) are identical with Eqs. ( |45| ) 
and (|4^ with C = 1- Thus the analysis of Case (l.b) of the previous 
section - with ^ = 1 - applies for the case considered here. 
A summary of the analysis of Case (l.a) is given by 

Lemma 3 For E > 0, \E,0) / 0, and Q2\E,0) ^ 0, E is triply 
degenerate with the eigenbasis {\E,0), \E, ±\/2E)}. 

Next we consider Case (l.b), where E > 0, \E, 0) / and Q2\E, 0) = 
0. In this case E may either be non-degenerate with |-E,0) represent- 
ing the non-degenerate state vector, or it may be degenerate. In the 
latter case, there must be some qi ^ with \E,qi) ^ 0. Suppose 
that \E, —Qi) = 0. Then, Cq^ of Eq. (^) must vanish. But in this 
case, according to Eqs. ( [78|) and (|8l|) , qi = zizy/E/2 and \E, —qi) = 
implies \E,qi) = 0. This is a contradiction. Hence, \E,±qi) ^ 0. 

In fact, one can show that indeed the condition Q2|-E',0) = im- 
plies Cq^ = 0. To see this, we employ Eq. (|68|) which states that 

Q2\E,qi) = ii\E,{)) +v\E,-q{) . 

Then, 

Cq, := {E,-qi\ [Ql\E,qi)) = u{E, -qi\Q2\E , -qi) = , 

where we have used Q2\E,0) = and Eq. (^). In view of this obser- 
vation we conclude: 

Lemma 4 For E > 0, \E,0) / and Q2\E,0) = 0, E is either non- 
degenerate or it is triply degenerate with the basis {\E, 0), \E, ziz\/E/2)}. 

Furthermore the basic eigenvectors are related via Eq. ([79|). This case 
is quite similar to the case (l.b.ii) of the previous section. In fact, our 
treatment of Case (lb) of the R-S {p = 2)-PSQM with C = applies 
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to Case (l.b) of B-D {p = 2)-PSQM . The only difference is that in 
the latter case we need to set C = and multiply the right hand side 
of Eqs. ® and (||) by 1/2. 

This leaves us with Case (2), where E > and \E,0) = 0. In this 
case, Q2\E,0) =0 is trivially satisfied and the analysis of the previous 
case applies. In particular: 

Lemma 5 For E > and \ E,0) =0, E is doubly degenerate with the 
basic state vectors, \E, zizy/E/2), being parasuperpartners. 

This case is identical with the case of SQM (with k = 1/2). This is a 
clear indication of the inclusion of SQM in B-D (p = 2)-PSQM . 
This concludes our analysis of B-D (p = 2)~PSQM . 



5 Parasupersymmetric Topological In- 
variants 

In the previous sections it was shown that unlike SQM, the degeneracy 
structure of the (p = 2)-PSQM does not allow the Witten index 
(:=trace(T)) or similar quantities to be invariant under the smooth 
deformations of the Hamiltonian. There are three obvious reasons 
justifying this remark. These are: 

a) existence of negative energy levels; 

b) existence of positive energy levels with {Qi)e = {Q2)e = 
(these are referred to as non-degenerate levels in Sees. 3 and 4); 

c) existence of both doubly and triply degenerate energy levels. 

In order to find systems with invariants analogous to trace(r) of 
SQM, one needs to find (p = 2)-PSQM systems for which none of 
the above obstacles occur. In this section we consider an example of 
a class of {p = 2)-PSQM systems which fulfilLthis requirement and 
therewith lead to "new" topological invariants .3 

Consider a R-S (p = 2)-PSQ Mechanical system whose Hamilto- 
nian is given by 



2 



[QQ^? + (Q^Qf + aiQQ^^Q + Q^Q^Q^)] ^ , (93) 



■^The identification of such invariants with known or unknown topological invariants is 
the subject of further investigation. 
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where a and 7 > are real parameter. The system ( p)3| ) with a = 
-1/2, 7 = 1, and QQ^'^Q = Q)Q^Q) has been suggested by Khare @ 
and investigated in the context of ordinary one-dimensional quantum 
mechanics for arbitrary p. Here we shall assume that p = 2 and that 
the system also satisfies the parasuperalgebra of R-S (||)-@. 

In terms of the self-adjoint parasupercharges ([Tl|), Eq. ( |93[ ) is writ- 
ten in the form: 



l + a 



{Ql + Q 



2\2 



1 



a 



(94) 



Clearly, the case a = 1 and 7 = 1/2 corresponds to SQM with k = 2. 

In addition, the negative and "non-degenerate" positive energy 
levels are now forbidden. To see this it is sufficient to square both 
sides of (|93), i.e., consider 



4H^ 



7 



l + a 



{Qi + Qi 



2\2 



1 



a 



{[Qi,Q2 



(95) 



and note that according to the results of Sec. 3, all such states are 
eliminated by Q2- Thus upon the action of both sides of (95) on such 



states, the right hand side vanishes whereas the left hand side does 
not. 

Furthermore, it can be shown quite easily that the doubly degener- 
ate levels of lemma 2 are also missing for all values of 7 except 1/2. To 
see this, we use the representation of Qi and Q2 to express the right 
hand side of (|95|). The left hand side equals AE"^ times the 2x2 unit 
matrix. A simple calculation proves our assertion, i.e., for 7 7^ 1/2, 
Eq. (95) is not satisfied. Thus the energy levels cannot be doubly 
degenerate. 

This leaves us only with the triply degenerate states. We must still 
check that for these states, Eq. ( p5|) can indeed be satisfied. Otherwise 
Eq. (p3| ) would be inconsistent with the R-S parasuperalgebra ([l|)-(^). 
Khare pl has shown that for a = —1/2, there are examples for which 
both (II) and (|)-(D are fulfilled. In fact, as we shall demonstrate 
instantly, the condition a = — 1/2 also is necessary. 

Substituting Eq. (|50|) in the right hand side of (95) and carrying 
out the calculations, one observes that Eq. ( p5[ ) is satisfied only if 
a = —1/2, 7 = 1, and C = 1- In tliis case, according to (|50|) and (|57|), 
the parasupercharges are represented by 



Q 



'2EJ. 



(1) 



Q 



'2EJ^ 



(1) 



> 



(96) 
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Note the remarkable similarity between Eqs. ( |96[ ) and (p!8|). 
Summarizing the results, one has 

Lemma 6 For the R-S {p = 2)-PSQM the condition that the Hamil- 
tonian satisfies implies that the energy eigenvalues are non-negative 
and that either j = 1/2 and a is arbitrary, orj=l and a = —1/2. In 
the former case, the positive energy levels consist of (para)superpartners. 
In the latter case the positive energy levels are triply degenerate with 
two of the eigenstates being parasuperpartners. 

In fact, one can similarly show that a B-D parasupersymmetric 
system which satisfies (|9^) has precisely identical degeneracy struc- 
ture. In this case, either 7 = 2 and positive energy levels are doubly 
degenerate, or 7 = 1 and a = —1/2, in which case the positive energy 
levels are triply degenerate. 

Now let us consider smooth deformations of the (parameters of 
the) Hamiltonian satisfying the R-S parasuperalgebra and Eq. ( |93| ) 
with a = —7/2 = —1/2. Then according to Lemma 6, the initial 
zero-energy states can only acquire positive energy in groups of three 
and vice versa a positive energy state can only collapse to the zero 
level if the other two states within the original (non-perturbed) level 
accompany it. Thus if the chirality operator T has the same signature, 
say det(T|-^^)= —1, for all > then the quantity 

A(,=2) := n(-^) - 2n(-^) = 4^^^ - 2^^^) , (97) 

with 

number of parabosonic states; 
number of parafermionic states; 
number of parabosonic states of zero energy; 
number of parabosonic states of zero energy, 

(98) 

remains invariant under the deformation. A(p=2) is a generalization 
of the Witten index of SQM and in the above sense is a topological 
invariant. In fact, if the corresponding system is defined on a smooth 
manifold or a fiber bundle, i.e., the Hamiltonian and parasupercharges 
depend on the corresponding geometric structures (connection), then 
^(p=2) is a true topological invariant. 



n 



n 



n. 



n. 



(nF) 


i^B) 
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By a similar argument one can also show that if a R-S (B-D) system 
satisfies Eq. (|93|) with 7 = f/2 (resp. 7 = 2), then the 

Witten index := trace(r) = n^^^) - n^^^^ = u'q^^ - ti^q^^ , 

is a topological invariant. 

The topological invariants defined in this way are measures of the 
exactness of the parasupersymmetry. More precisely, their being non- 
zero implies the existence of zero-energy ground states and conse- 
quently the exactness of parasupersymmetry. 

6 Conclusion 

The Robakov-Spiridonov and Beckers-Debergh {p = 2) parasuper- 
symmetric quantum systems share identical general degeneracy struc- 
tures. For the R-S (p = 2)-PSQM , we defined a continuous (C) and 
a discrete parameter (e) for each triply degenerate energy level. These 
determine the action of Q2 on the corresponding states. The triply 
degenerate energy levels of the B-D {p = 2)-PSQM have the same 
structure as those of the R-S systems with C = or = 1. Thus 
in this sense, the R-S {p = 2)-PSQM is more general than the B-D 
{p = 2)-PSQM . The results of the present article is consistent with 
the results obtained for specific examples considered in the literature 




A possible direction of further investigation is to seek a physi- 
cal interpretation for the parameters C and e of the R-S {p = 2)- 
PSQM . Another direction is to try to employ similar methods to 
arbitrary {p > 2)-parasupersymmetry. The parasuperalgebra for gen- 
eral R-S {p > 2)-parasupersymmetry is considerably more compli- 
cated. But its variations Q may be attacked by similar methods. As 
demonstrated for one-dimensional systems by Khare the degener- 
acy structure of the systems with even p (respectively odd p) displays 
similar features. This makes the study of {p = odd) parasupersymme- 
try more interesting. In fact, one might hope that they involve similar 
or even more appealing phenomena than supersymmetric quantum 
mechanics. 

The treatment of the {p = 2)-PSQM presented in this article uses 
only the defining parasuperalgebras. The only additional assumption 
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made here is that the state vectors belong to a Hilbert space. There- 
fore, the results obtained here are applicable to arbitrary quantum 
systems satisfying these parasuperalgebras. In particular, one might 
consider systems which are sensitive to the geometric structure of an 
arbitrary manifold or a fiber bundle. 

We have also introduced a chirality (parasupersymmetric involu- 
tion) operator T, and studied its possible representations for differ- 
ent types of energy levels. The general degeneracy structure of the 
{p = 2)-PSQM does not allow for the Witten index, i.e., trace(T), to 
be a topological invariant. The main obstacle is the possible existence 
of negative and positive "non-degenerate" {{Qi)e = {Q2)e = 0) en- 
ergy levels and the fact that even the degenerate levels can be either 
two or three fold degenerate. 

These obstacles do not survive if one considers R-S or B-D type 
parasupersymmetric systems whose Hamiltonian are given by Eq. (|9^) . 
For such systems, all the positive energy levels are either two fold or 
three fold degenerate. For the systems with doubly degenerate positive 
energy levels the Witten index remains to be a topological invariant. 
For the systems with triply degenerate positive energy levels, the dif- 
ference of the number of parabosonic states and twice of the number 
of parafermionic states is a topological invariant. In both cases the 
non-vanishing of the corresponding topological invariant is an indica- 
tion of the exactness of the parasupersymmetry. The study of specific 
examples of these systems and the identification of the topological 
invariants introduced above is the subject of ongoing investigation. 



22 



References 

[1] V. A. Rubakov and V. P. Spiridonov, Mod. Phys. Lett. A3, 1337 
(1988). 

[2] J. Beckers and N. Debergh, Nucl. Phys. B340, 767 (1990) 

[3] J. Beckers and N. Debergh, Mod. Phys. Lett. A4, 1209-15 and 
2289-93 (1989); and J. Math. Phys. 31(6), 1513 (1990). 

[4] A. Khare, J. Phys. A: Math. Gen 25, L749 (1992); See also g, g. 

[5] A. Khare, J. Math. Phys. 34(4), 1277 (1993). 

[6] A. Khare, Mod. Phys. Lett. A(2), 107 (1993). 

[7] E. Witten, Nucl. Phys. B202, 253 (1982); See also E. Witten, 
Nucl. Phys. B187, 513 (1981). 

[8] A. Mostafazadeh, J. Math. Phys. 35(3), 1095 (1994). 

[9] L. E. Gendenshtein and I. V. Krive, Sov. Phys. Usp. 28(8), 645 
(1985). 

[10] A. D. Dolgallo and K. N. Ilinski, J. Math. Phys. 35(5), 2074 
(1993). 



23 



